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$k_{1},$ $k_{2},$ $\alpha>0,$ $a=(a, \cdots.a)^{\mathrm{T}}:\in \mathrm{R}^{N}$
$W.=(w_{j}.\cdot)_{1\leq i},j\leq N;N_{\mathrm{X}}N$ 91J,
$g_{\epsilon}(u)=(1+\exp(-u/\epsilon))^{-1}$
|J $t\geq 0$
$y_{i}(t+1)$ $=$ $k_{1}y_{i}( \cdot t)+\sum_{j=1}^{N}wijg_{\epsilon}(yj(t)+z_{j}.(t))$
$z_{i}(t+1)$ $=$ $k_{2}z_{i}(t)+a-\alpha g_{\epsilon}(y_{i}(t)+z_{i}(t))$ $1\leq i\leq N$
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2 $0$ 1 $\mathrm{R}^{N}$ $p$ ;
$p$.
$=(p_{1}, \cdots,p_{N})^{\mathrm{T}}$ , $p_{i}=0$ or 1 $(1 \leq i\leq N)$ (3)
$P^{1},$ $\cdots,P^{M}$ $N\cross N$ .
$W$ $=$ $(w_{ij})$ (4)
$w_{ij}$ $=$ $\frac{1}{M}\sum_{m=1}^{M}w_{i}^{m}j$ , (5)
$w_{j}^{m}.\cdot$ $=$ $(2p_{i}^{m}-1)(2p_{j}^{m}-1)$ (6)
$p^{1},$ $\cdots$ , $P^{M}$ $W$ $p^{m}$








$u(t+1)=F(u(t))$ , $u(t)\in \mathrm{R}^{n}$
$P:\mathrm{R}^{n}arrow \mathrm{R}^{n}$ $P\circ F=F\circ P$ $P-$
(2) $H\subset \mathrm{R}^{n}$




4 $S_{N},\text{ }N\text{ }\sigma.$), $\text{ _{ }}$ $\sigma$ $S_{N}$ $P_{\sigma}$ : $\mathrm{R}^{N}arrow$
$\mathrm{R}^{N}$
$P_{\sigma}$ : $(u_{1},.\cdot, ., u_{N})^{\mathrm{T}}\text{ }\Rightarrow(u(1), \cdots,u_{\sigma}\sigma(N))^{\mathrm{T}}$






























5 $W=(w_{ij})_{1\leq j}i,\leq N$ |
$C(W)=\{\sigma\in s_{N}|w_{ij}=w_{\sigma(i)}\sigma(j) (1 \leq i,j\leq N)\}$
$W$
2(1) $\sigma\in C(W)\Leftrightarrow P_{\sigma}W=WP_{\sigma}$
$(p)C(W)$ $S_{N}$








$\sigma^{-1}\in C(W)$ $C(W)$ ( )
6 $P_{\sigma}$ : $\mathrm{R}^{N}+^{\Delta}$’ $\mathrm{R}^{2N}$ $P_{\sigma}\cross P_{\sigma}$ : $\mathrm{R}^{2N}rightarrow$
$P_{\sigma}\cross P_{\sigma}$ : $(u_{1}, \cdots, uN;v1, \cdots, vN)\mathrm{T}_{\vdasharrow}(u(1), \cdots, u(\sigma N);v_{\sigma}(1), \cdots, v\sigma\sigma(N))^{\mathrm{T}}$
$(P_{\sigma}\cross P_{\sigma})^{-1}=P_{\sigma}^{-1}\cross P_{\sigma}^{-1}=P_{\sigma^{-1}}\cross P_{\sigma^{-1}}$
3 $\sigma\in C(W)$ $\Phi$ $(P_{\sigma}\mathrm{x}P_{\sigma})-$
( )
$(y_{1}’, \cdots, y_{N}’’;z_{1} , \cdot.., z_{N}’)^{\mathrm{T}}$ $=$ $(P_{\sigma^{\mathrm{X}}}P\sigma)(y1, \cdots, yN;z1, \cdots, zN)\mathrm{T}$ (9)
$=$ $(y\sigma(1), \cdots, y_{\sigma}(N);z_{\sigma}(1), \cdots, Z\sigma(N))^{\mathrm{T}}(10)$
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$\Phi_{1}((P_{\sigma}\cross P_{\sigma})(y,z))$ (11)
$=\Phi_{1}((yiz_{i}’)’,)1\leq i\leq N$ (12)
$=(k_{1}y_{i}’(t)+ \sum_{j}=1(w_{i}jg_{\mathcal{E}}(y_{i}’t)+Nz’i(t)))_{1\leq i}\leq N$ (13)
$=(.k_{1}y_{\sigma}(i)(t)+ \sum^{N}j=1(wijg\mathcal{E}(y_{\sigma}(j)t)+Z_{\sigma(}j)(t)))_{1\leq i}\leq N$ (14)
$=(k_{1}y \sigma(|:)(t.)+\sum.\cdot j=1Nw_{\sigma}.(i)\sigma(j)\mathit{9}\xi(y_{\sigma}.(j)(-\cdot t)+z_{\sigma(}j)(t)))_{1\leq i}\leq N$ (15)
$=(k_{1}y_{\sigma}(i)(t)+ \sum^{N}k=1)w_{\sigma}(ikg\epsilon(y_{k}(t)+zk(t)))_{1\leq i}\leq N$ (16)
$=P_{\sigma}(k_{1yi}(t)+ \sum^{N}k=1twik\mathit{9}\mathcal{E}(y_{k(})+zk(t)))_{1\leq i}\leq N$ (17)
$=P_{\sigma}\Phi_{1}(y, z)$ (18)
$\Phi_{2}((P_{\sigma}\cross P_{\sigma})(y, z))$ (19)
$=\Phi_{2}((y_{i’ i}Z’/)1\leq i\leq N)$ (20)
$=(k_{2}Z_{i(}’t)+a-\alpha_{\mathit{9}\xi}(y’i(t)+z_{i}’(t)))_{1\leq}i\leq N$ (21)
$=(k_{2^{Z}\sigma(i)}(t)+a-\alpha g_{\epsilon}(y\sigma(i)(t)+z_{\sigma(}i)(t)))_{1\leq}i\leq N$ (22)
$=\cdot P_{\sigma}(k_{2:(}Zt)+a-\alpha g\mathcal{E}(yi(t)+Z_{i())}\iota)_{\iota\leq}i\leq N$ (23)
$=P_{\sigma}\Phi_{2}(y, z)$ (24)
$(P_{\sigma}\cross P_{\sigma})\Phi(y, z)$ $=$ $(P_{\sigma}\Phi_{1}(y, Z),$ $P_{\sigma}\Phi_{2(}.y,$ $Z))$ (25)
$=$ $(\Phi_{1(()(}P_{\sigma}\cross P\sigma y, z)),$ $\Phi_{2}((P_{\sigma}\cross P_{\sigma})(y, z)))(26)$
$=$ $\Phi(P_{\sigma}\cross P_{\sigma})(y, z)$ (27)
( )
7 $\sigma\in S_{N}$ $\mathrm{R}^{N}$ $H_{1}(\sigma)$
$H_{1}(\sigma)=\{(y_{1,\cdots,y_{N})}\mathrm{T}\in \mathrm{R}^{N}|yi=y\sigma(i), 1\leq.i\leq N\}$
$H_{1}(\sigma)$ $H_{1}^{\perp}(\sigma)$
$H_{1}(\sigma)=\{y\in \mathrm{R}N|\langle y,v\rangle=0,\forall v\in H_{1}(\sigma)\}$
$\langle\cdot, \cdot\rangle$
$\mathrm{R}^{2N}$ $H(\sigma),H^{\perp}(\sigma)$
$H(\sigma)$ $=$ $H_{1}(\sigma)\cross H_{1}(\sigma)$
$=$ $\{(y_{1}, \cdots,yN;z_{1}, \cdots, z_{N})\mathrm{T}\in \mathrm{R}2N|(yi, zi)=(y\sigma(i), z_{\sigma(i})), 1\leq i\leq N\}$ ,




$H_{1}(\sigma)$ $=$ $\{y\in \mathrm{R}\epsilon|y_{1}=y_{2},y_{4}=y_{5}=y_{6}\}$ .
$H(\sigma)$ $=$ $\{(y, z)\in \mathrm{R}12|y1=y2, y4=y5=y_{6}, z1=z_{2}, Z_{4}=Z\mathrm{g}=z_{6}\}$ .
Remark 1 $\sigma\in C(W)$ $H(\sigma)\subset \mathrm{R}^{2N}$ 1 1
$\sigma_{2}=$ , $\sigma_{3}=$
$H(\sigma_{2})=H(\sigma_{3})$
4 $\sigma\in C(W)$ $H(\sigma)\subset \mathrm{R}^{2N}$ $\Phi$
( ) $(y_{1}(t), \cdot*\cdot, y_{N}(t);Z1(t), \cdots, Z_{N(}t))^{\mathrm{T}}\in H(\sigma)$ $y_{i}(t)=y\sigma(i)(t)$ ,
$z_{i}(t)=z_{\sigma(i)}$ (




$z_{i}(t+1)$ $=$ $k_{2^{Z_{i}}}(t)+a-\alpha g_{\epsilon}(y_{i(t})+z_{i}(t))$
$=$ $k_{2}z_{\sigma(i)}(t)+a-\alpha \mathit{9}\epsilon(y\sigma(i)(t)+z_{\sigma(i)}(t))$
$=$ $z_{\sigma(i)()}t+1$ .




${\rm Im} W=\{Wx|x\in \mathrm{R}^{N}\}$
$\sigma\in C(W)$ $H(\sigma)$ $(H(\sigma))$
$(H(\sigma))=(\mathrm{h}\mathrm{n}W\cross \mathrm{R}^{N})\cap H(\sigma)=({\rm Im} W\cap H_{1}.(\sigma))\cross H_{1}(\sigma)$
$(H(\sigma))$ 2
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5 $\sigma\in C(.W)$ ${\rm Im} W\cross \mathrm{R}^{N}$ $(H(\sigma))$ $\Phi$
$\Phi({\rm Im}\overline{W}\cross \mathrm{R}^{N})\subset{\rm Im} W\cross \mathrm{R}^{N}$ ,
$\Phi((H(.\sigma.)))\subset(H(\sigma))$ .
( ) $y(t)\in{\rm Im} W$ $\exists v\in \mathrm{R}^{N}\mathrm{s}.\mathrm{t}$ . $y(t)=Wv$
$k_{1}y(t)+Wx(t)=k_{1}Wv+Wx(t)=W(k_{1}v+x(t))\in \mathrm{b}\mathrm{n}W$
2 $\Phi-$ $\Phi-$ $(H(\sigma))$
$\Phi-$ ( )
6 $\mathrm{R}^{N}/{\rm Im} W=(\mathrm{R}^{N}\cross \mathrm{R}^{N})/({\rm Im} W\cross \mathrm{R}^{N})$ $\Phi$
$[y](t)=y(t)+{\rm Im} W\in \mathrm{R}^{N}/{\rm Im} W$
$[y](t+1)=k_{1}[y](t)$
( ) $(y(t), Z(t))-(y(/t), Z’(t))\in \mathrm{b}\mathrm{n}W\cross \mathrm{R}^{N}$ $y(t)-y’(t)\in{\rm Im} W$
$y(t+1)-y’(t+1)=k_{1}(y(t)-y’(t).)+W(x(.t.)-X..(/.:t).)\in.\mathrm{I}\mathrm{m}.$ W.$\cdot$
$\Phi$ $\mathrm{R}^{N}/{\rm Im} W$
$[y](t+1)$ $=$ $k_{1}y(t)+Wx(t)+{\rm Im} W$ (28)
$=$ $k_{1}y(t)+{\rm Im} W$ (29)
$=$ $k_{1}[y](t)$ (30)
( )
Remark 2 $|k_{1}|<1$ $\mathrm{R}^{N}/{\rm Im} W$
4
$W= \frac{1}{3}(-3-1-1-13111$ $-3-1-1-13111$ $-1-3-1-13111$ $-3-1-1-131\mathrm{i}1$ $-3-1-1-13111$ $-1-3-1-13111$ $:-1-1-3-13111$ $-1-1-3-13111)$
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1 $0$ $0$ $0$ $0$ $0$ $0$ $0$
$0$ 1 $0$ $0$ $0$ $0$ $0$ $0$
$0$ $0$ 1 $0$ $0$ $0$ $0$ $0$
$|$ $-1$ 1 1 $0$ $0$ $0$ $0$ $0$
$arrow$
$\mathrm{h}\mathrm{n}\overline{W}$
$=$ $\{(s, t, u, -S+t+u, s-t-u, -u, -t, -s)|s, t, u\in \mathrm{R}\}$
$\sigma$ $=$ $(174)(258)(3)(6)$
$H(\sigma)$ $=$
$\{(y_{1}, y2, y3,y_{1}, y_{2},y_{6}, y1, y_{2}; Z_{1,2}z, Z_{3,1,2,6}Zzz, Z_{1}, z2)\in \mathrm{R}16\}$
$(H(\sigma))$ $=$ $({\rm Im} W\cross \mathrm{R}^{8})\cap H(\sigma)=$
$\{(s, -s,3s,s, -S, -3S, s, -s;z1,z2, Z3, Z_{1}, z2, z6, Z_{1,2}Z)\in \mathrm{R}^{1}6\}$
4 3
9 $\mathrm{R}^{N}$ $e_{i}(1\leq i\leq N)$
$J(W,\sigma)=\{j\in\{1, \cdots, N\}|e_{j}\perp{\rm Im} W\cap H_{1}(\sigma)\}$
$z(W, \sigma)=\{_{Z}\in H1(\sigma)|_{Z_{i}=}z_{j(j(}i,\in JW, \sigma))\}$
$(H(\sigma))$ $[H(\sigma)]$
$[H(\sigma)]=(\mathrm{h}\mathrm{n}W\cap H_{1}(\sigma))\cross Z(W, \sigma)$
$[H(\sigma)]$ 3
7 $\sigma\in C(W)$ $[H(\sigma)]$ $\Phi$
$\Phi([H(\sigma)])\subset[H(\sigma)]$ .
( ) $(y(t), z(t))\in[H(\sigma)]$ $({\rm Im} W\cap H_{1}(\sigma))\cross H_{1}(\sigma)$
$(y(t+1), z(t+1))\in({\rm Im} W\cap H_{1}(\sigma))\cross H_{1}(\sigma)$ .
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$i,j\in J(W, \sigma)$ $y_{i}(t)=y_{j(t)(t}=0,$$Zi)=z_{j}(t)$
$z_{i}(t+1)-zj(t+1)=k_{2}(z_{i}(t)-zj(t))-\alpha(g_{\zeta}(y_{i}(t)+zi(t))-g_{\epsilon}(y_{j}(t)+z_{j(t)))=}\mathrm{o}$.
$(y(t+1),z(t+’ 1))\in(\mathrm{h}\mathrm{n}W\cap H_{1}(\sigma))\cross Z(W, \sigma)$
( )
5 $W$ 4 $\sigma=(12)(36)(45)(78)\in C(W)$
$H(\sigma)$ $=$ $\{(y_{1},y_{1},y3, y_{4}, y_{4}, y_{3}, y_{7}, y\tau;z_{1}, Z_{1}, z3, Z_{4}, Z4, z3, z7, Z\tau.)\}$
${\rm Im} W$ $=$ $\{(s, t,u, -S+t+u, s-t-u, -u, -t, -s)|S, t, u\in \mathrm{R}\}-$
$(H(\sigma))$ $=$ $\{(_{S,S,0,\mathrm{o}}, 0,0, -s, -S;z_{1}, z_{1}, Z_{3}, Z4, z4, z_{3}, z7, z7)\}$
${\rm Im} W\cap H1(\sigma)$ $=$ $\{(s, S,0,0,0,\mathrm{o}, -S, -S)|_{S}\in \mathrm{R}\}$
${\rm Im} W\cap H1(\sigma)$ $e_{3},$ $e_{4},$ $e_{5},$ $e_{6}$













$H(\sigma)_{\text{ }}H(\tau)$ $\rho\in C(W)$ $P_{\rho}\cross P_{\rho}$ :
$\mathrm{R}^{2N}\mapsto$
$H(\sigma)=(P_{\rho}\cross P_{\rho})H(\tau)$ and $(P_{\rho}\cross P_{\rho})(\Phi|H(\tau))=(\Phi|H(\sigma))(P\rho\cross P_{\rho})$
$H(\sigma)$ $H(\tau)$ $\Phi|H(\sigma)$ $\Phi$
$H(\sigma)$
8 $\sigma,$ $\tau\in C(W)$ $\sigma\sim\tau$ $H(\sigma)$ $H(\tau)$
( ) $\exists\rho\in C(W)\mathrm{s}.\mathrm{t}$. $\rho\tau=\sigma\rho$
$(y_{i}; z_{i})_{1}\mathrm{T}(y1, \cdots, yN;z_{1}, \cdots, z_{N})\mathrm{T}\leq:\leq N=\in H(\tau)$
$(y_{i}; Z_{i})^{\mathrm{T}}=(y\tau(i);z_{\mathcal{T}(}i))\mathrm{T}$




$(y\sigma\rho(i);z(i))\sigma\rho(\mathrm{T}y=(i\rho);z(i))\rho \mathrm{T}$ , $1\leq i\leq N$.
$(y_{\rho(i});z_{\rho}(i))^{\mathrm{T}}\in H(\sigma)$ $(P_{\rho}\cross P_{\rho})H(\tau)\subset H(\sigma)$
$(y_{i}; Z_{i})^{\mathrm{T}}\in H(\sigma)$
.




$(y_{\rho^{-1}};Z_{\rho}-1)^{\mathrm{T}}=(y_{\mathcal{T}}\rho^{-1}(i);z\mathcal{T}\rho-1(i))^{\mathrm{T}}$ , $1\leq i\leq N$
$(y_{\rho^{-1;}}z_{\rho^{-}}1)^{\mathrm{T}}\in H(\tau)$ . $(P_{\rho}\cross P_{\rho})^{-1}H(\sigma)\subset H(\tau)$
$(P_{\rho}\cross P_{\rho})H(\tau)=H(\sigma)$ $(P_{\rho}\mathrm{x}P_{\rho})\Phi=\Phi(P_{\rho}\cross P_{\rho})$
(\Rightarrow ^i-E )
6 $N=3$ $\mathrm{C}\mathrm{N}\mathrm{N}$ $W=$ $C(W)=\{\sigma\in$
$S_{\mathrm{s}}|P\sigma W=WP\sigma\}=s3$
$\sigma=$ , $\tau=\in S_{3}$
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$\rho=($ $21$ $32$ $31)\in S_{3}$
$\rho^{-1}\sigma\rho===\tau$ ,
$\sigma\sim\tau$ .
$H(\sigma)$ $=$ $\{(y1, y2, y3;z1, z_{2,\mathrm{s}}Z)^{\mathrm{T}}|y_{1}=y_{2}, z_{1}=z_{2}\}$, (37)
$H(\tau)$ $=$ $\{(y_{1}, y2, y_{3}; z_{1,2}z, z\mathrm{s})\mathrm{T}|y1=y_{3}, z_{1}=z_{3}\}$ (38)
$(P_{\rho}\cross P_{\rho})H(\tau)$
$=(P_{\rho}\cross P)\rho\{(y\tau(1), y\mathcal{T}(2),y\tau(3);z_{\mathcal{T}}(1), Z\mathcal{T}(2), Z_{\mathcal{T}}(3))\grave{\mathrm{T}}|y_{1}=y_{3}, z_{1}=z_{3}\}$
$=(P_{\rho}\mathrm{X}P_{\rho})\{(y3, y_{2},y_{1} ; z_{3}, z_{2}, Z_{1})\mathrm{T}|y_{1}=y_{3}, Z1=z_{3}\}$
$=\{(y_{\rho(3}), y_{\rho(}2), y_{\rho(1)} ; z_{\rho(3)}, Z_{\rho(2)}, z_{\rho}(1))\mathrm{T}|y- 1=y_{3}, z_{1}=z_{3}\}$
$=\{(y1, y3, y2;Z1, Z3, Z2)^{\mathrm{T}}|y_{1}=y_{3}, z_{1}=z_{3}\}$
$=\{(y_{1y’’}’,2’ y_{3}; z’’z_{2}, Z_{3})^{\mathrm{T}}1’|/y_{1}’=y_{2}’’, z_{1}=z_{2}’\}$
$=H(\sigma)$
Remark 3 $H(\sigma)$
$(y, z)\in H(\sigma),$ $(\Delta y, \Delta_{Z})\in \mathrm{R}^{N_{\cross}N}\mathrm{R}$
$\Delta x_{i}$ $=$ $g_{\xi}(y_{i}+\Delta y_{i}+Zi+\Delta z_{i})-g\xi(y_{i}+zi)$ . (39)
$=$ $Dg_{\zeta}(.y_{i}+zi)(\Delta yi+\Delta zi)+h_{\mathit{0}}..t$ . (40)
$\Delta_{X=}(\Delta Xi)\in \mathrm{R}^{N}$
$\Phi_{1}(y+\Delta y, z+\Delta Z)-\Phi_{!}(y, Z)$ (41)
$=k_{1}(y+\Delta y-y)+W(x+\Delta X-X)$ (42)
$=k_{1}\Delta y+W\Delta x$ (43)
$\Phi_{2}(y+\Delta y, z+\Delta Z)-\Phi_{2}(y, Z)$ (44)
$=k_{2}(Z+\Delta Z-Z)-\alpha(x+\Delta X-X)$ (45)
$=k_{2}\Delta_{Z-}\alpha\Delta x$ (46)
$b>0$ $<0<Dg_{\epsilon}(y_{i}+z:)\ll 1$ $(1\leq i\leq N)$ $\Delta x\approx \mathit{0}$
$k_{1},$ $k_{2}$ $|k_{1}|<1,$ $|k_{2}|<1$
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6Appendix 1: Orthogonal pattern
Definition 1 Let an integer $n\geq 1$ be given , and put $N=2^{n}$ .
(1) We define a sequenc.e of $N$ -dimensional vectors $p_{1},p_{2},$ $ $\cdot\cdot,p_{n}$ , which
components are 1 or-l;
$p_{1}$ $=$ $(1, -1,1, -1, \cdots, 1, -1)$




(2) Define a sequence of $N/2$ -dimensional vectors $p_{1}’,p_{2}’,$ $\cdots$ , $p_{n}’$ ;
$p_{k}’=[I_{N}/2, ON/2]p_{k}$ , $(1\leq k\leq n)$
where $I_{N/2}$ is a $(N/2, N/2)$ identity matrix, and $O_{N/2}$ is a $(N/2, N/2)$ zero
matrix.
$(S)$ If $n\geq 2$ , define a sequence of $N/4$-dimensional vectors $p_{1}’’,p_{2}\prime\prime,$ $\cdots$ , $p_{n}’’$ ;
$p_{k}’’=[IN/4,\mathit{0}_{N/4}]p_{k}’$ , $(1\leq k\leq n)$
where $I_{N/4}$ is a $(N/4, N/4)$ identity m.atrix, and $O_{N/4}$ is a $(N/4, N/4)$ zero
matrix.
Proposition 1 (1) $p_{k}=(p_{k}’’,p_{k})$ $(1 \leq k\leq n-1)$ , and $p_{n}=(p_{n}’, -p_{n}’)$ ,
$(p_{n}’’,p’n(\mathit{2})p’,)k=(P_{k}’’,P_{k}^{\prime/})$ $(1 \leq k\leq n-2),$ $p_{n-1}’=(p_{n-1}’’, -p_{n-1}/’)$
, and $p_{n}’=$
(3) $c=-p_{k}^{\prime/}$ $(1 \leq k\leq n-2)$ , and $p_{k}^{\prime\prime c}=p_{k}’’$ $(n-1\leq k\leq n)$ ,




(Proof) It is clear from the definition.
Proposition 2 If there are real numbers $c_{1},$ $\cdots,$ $c_{n}$ such that
$p=c_{1}p1^{+\cdots+}c_{n}pn\{\in 1, -1\}^{N}$ ,
then
$p\in\{p_{i}, -p_{i} : 1\leq i\leq n\}$ .
114
(Proof)
(1) Case of $n=1$ . Then $N=2$ and $p_{1}=(1, -1)$ . If $p=c_{1}p_{1}=$
$(c_{1}, -C_{1})\in\{1, -1\}^{2}.’$.then $c_{1}=\pm 1$ . Hence $\dot{\mu}n\{p_{1}.’-p1.\}.\cdot$
(2) Case of $n=2$. Then $N=4,p_{1}=-(1, -1,.1, -1)$ and $‘.p_{2}=(1,1, -1, -1)$ .
Assume $p=.c_{1}p_{1}+c_{2}p_{2}\in\{1, -1\}^{4}$ .
(i) Case of $c_{2}=0$ . Then $p=c_{1}p_{1}\in\{1, -1\}^{4}$ . Since
(the 1st component of $p$) $=c_{1}=\pm 1$ ,
we have $p\in\{p_{1}, -p_{1}\}$ .
(ii)Case of $c_{2}\neq 0$ . Then $p=c_{1}p_{1}+c_{2}p_{2}\in\{1, -1\}^{4}$ . Since
(the 1st component of $p$) $+$ ( $\mathrm{t}\mathrm{h}\mathrm{e}$ 2nd component of $p$)
$=(c_{1}+c2)+(-c1+C_{2})=2c_{2}\neq 0$ ,
the.lst component of $p$ and the 2nd component of $p$ have same sign. Hence
(the 1st component of $p$) $-$ ( $\mathrm{t}\mathrm{h}\mathrm{e}$ 2nd component of $p$)
$=(c_{1}+c2)-(-C_{1}+C_{2})=2C_{1}=0$.
Since $c_{1}=0,$ $p=c_{2}p_{2}\in\{1, -1\}^{4}$ . Since.
(the 1st component of $p$) $=c_{2}=\pm 1$ ,
we have $p\in\{p_{2}, -p_{2}\}$ .
(3) Case of $n\geq 3$ . We use an induction for $\mathrm{n}$ . Assume that the statement
is true for n-l. Put $N=2^{n}$ , and
$p=C_{1p_{1}+\cdots+C_{n}p_{n}\in}..\{1, -1\}^{N}$ .
(i)Case of $c_{n}=0$ . Then
$p=c_{1}p_{1^{+}-}\ldots+Cn1pn-1\in\{1, -1\}^{N}$ .
Define
$p’=[IN/2, oN/2]p$, $p_{k}’=[I_{N/2}, ON/2]p_{k}$ , $(1 \leq k\leq n)$ .
Since $p_{k}=(p_{k},p_{k})//$ $(1 \leq k\leq n-1)$ , we have $p–(p’,p)’$ . Since
$p’=c_{1}p’1+\cdots+cn-1p_{n}’-1\in\{1, -1\}^{N/2}$ ,
by the assumption of induction, we have
$p’\in\{p_{k}’, -p_{k}’ : 1\leq k\leq n-1\}$.
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Therefore we have $p\in\{p_{k}, -p_{k} : 1\leq k\leq n-1\}$ .
(ii)Case of $c_{n}\neq 0$ . Since
(the $i\mathrm{t}\mathrm{h}$ component of $p_{k}$ ) $+$ ($\mathrm{t}\mathrm{h}\mathrm{e}(\frac{N}{2}-i+1)\mathrm{t}\mathrm{h}$ component of $p_{k}$ )
$=0$ , $1\leq i\leq N/4$ , $1\leq k\leq n-1$ ,
we have
(the $i\mathrm{t}\mathrm{h}$ component of $p$) $+$ ($\mathrm{t}\mathrm{h}\mathrm{e}(\frac{N}{2}-i+1)\mathrm{t}\mathrm{h}$ component of $p$)
$=2C_{n}\neq 0$ , $1\leq i\leq N/4$ .
Hence the $i\mathrm{t}\mathrm{h}$ component of $p$ and the $( \frac{N}{2}-i+1)\mathrm{t}\mathrm{h}$ component of $p$ have
same sign. Since
(the $i\mathrm{t}\mathrm{h}$ component of $p$) $-$ ($\mathrm{t}\mathrm{h}\mathrm{e}(\frac{N}{2}-i+1)\mathrm{t}\mathrm{h}$ component of $p$)
$=0$ , $1\leq i\leq N/4$ ,





$p’$ $=$ $c_{1}p_{1^{+\cdots+}}c_{n}p’\prime n$
$=$ $c_{1}(p_{1}’’,p_{1}’/)+\cdots+C_{n}-2(p_{n-2}’’,p_{n-2}’)’+C_{n-}1(p_{n}-1’-\prime\prime p^{\prime;}n-1)+C_{n}(p_{n},p_{n})\prime\prime\prime;$ ,
we have
$p”$ $=$ $c_{1}p_{1}’’+\cdots+cn-2p_{n-2}^{\prime/}+c_{n-1}p_{n-1^{+}}c_{n}p_{n}’/\prime\prime$ ,







Since $\{p_{1}’’, \cdots,p_{n}’’-1\}$ is linearly independent, we have $c_{1}=$ $=c_{n-1}=0$ ,
and $p=c_{n}p_{n}\in\{1, -1\}^{N}$ . Since
.
(the 1st component of $p$) $=c_{n}=\pm 1$ ,
we have $p\in\{p_{n}, -pn\}$ . (Q.E.D.)
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Proposition 3 Define
$W$ $=$ $\frac{1}{n}(p_{1}p_{1}+\cdots+p_{n}\mathrm{T}\mathrm{T})p_{n}$ ,
$U$ $=$ $\{p_{k}^{\mathrm{T}}, -p_{k}^{\mathrm{T}} : 1\leq k\leq n\}$ . $\mathrm{Y}$
If $\sigma\in S_{N}$ satisfies $P_{\sigma}W=WP_{\sigma}$ , then $P_{\sigma}(\cdot U)=U$ .
(Proof)Let $1\leq k\leq n$ be given. Then
$W(P_{\sigma}p^{\mathrm{T}\mathrm{T}}k)=P_{\sigma}WP_{\sigma}-1(P_{\sigma}p^{\mathrm{T}\mathrm{T}}k)=P \sigma(Wpk)=P_{\sigma}(\frac{1}{n}p^{\mathrm{T}}kp_{k}p_{k})=\frac{2^{n}}{n}(P\sigma p^{\mathrm{T}}k)$ .
Since the image of $W$ is spanned by $\{p_{1}^{\mathrm{T}..\mathrm{T}},\cdot,- p_{n}\},$ $P\sigma p^{\mathrm{T}}k$ is a l..inear combi-
nation of $\{p_{1}^{\mathrm{T}}, \cdots,p_{n}^{\mathrm{T}}\}$ . By Proposition 2 ,
$P_{\sigma}p_{k}^{\mathrm{T}\mathrm{T}\mathrm{T}}\in\{pk’-p_{k} : 1\leq k\leq n\}--U$.
Since $P_{\sigma}$ is $\mathrm{o}\mathrm{n}\mathrm{e}- \mathrm{t}_{\mathrm{O}^{-}\mathrm{o}\mathrm{n}\mathrm{e}}$ , we have $P_{\sigma}(U)=U$ . (Q.E.D.)
Proposition 4 Define
$W= \frac{1}{n}(p_{1}^{\mathrm{T}}p_{1^{+\cdots+}}p_{n}^{\mathrm{T}}pn)$ .
The isotropy group $C(W)=\{\sigma\in S_{N} : P_{\sigma}W=WP_{\sigma}\}$ is isomorphic to the
group
where $C_{2}$ is the cyclic group of order 2, and $S_{n}$ is the $nth$ symmetry group.
(Proof) Let $\sigma\in C(W)$ be given. For any $1\leq i\leq n$ , there exists $1\leq k\leq n$
such that
$P_{\sigma}(p_{i})=p_{k}$ or $-p_{k}$ .
by Proposition 3 . We define $\tau\in S_{n}$ by
$\tau(i)=k$ $(1\leq i\leq n)$ .
For each $1\leq i\leq n$ , define $\delta_{i}$ : $\{1, -1\}arrow\{1, -1\}$ $\mathrm{b}\mathrm{y}_{t}$
$\delta_{i}(\epsilon)=\{$
$\epsilon$ if $T(p_{i})=pk$
$-\mathcal{E}$ if $T(pi)=-pk$ .
The correspondence
$\sigmarightarrow(\delta_{1}, \cdots, \delta_{n}, \tau)\in \mathit{0}2\mathrm{x}\cdots\cross C_{2}\cross S_{n}$
is isomorphic. ( $\mathrm{Q}.\mathrm{E}$.D.)
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7Appendix 2: 8 CNN with three orthogonal
patterns
Let three patterns
$p^{1}$ $=$ $(1, 1, 1, 1, 0,0,0, \mathrm{o})\mathrm{T}$ ,
$p^{2}$ $=$ $(1, 1, 0, \mathrm{o}, 1,1,0, \mathrm{o})\mathrm{T}$ ,
$p^{3}$ $=$ $(1, 0,1,0,1, \mathrm{o}, 1,0)^{\mathrm{T}}$
be given. The connection matrix $W$ is defined by
$W$ $=$ $\frac{1}{3}(W^{1}+W^{2}+W^{3})$
$W^{m}$ $=$ $(w_{ij}^{m})$ ,
$w_{ij}^{m}$ $=$ $(2p_{i}^{m}-1)(2p_{j}^{m}-1)$ , $(1 \leq i,j\leq 8,1\leq m\leq 3)$ .
We calculate conjugate class of the isotropy group $C(W)$ and invariant
subspaces.
1. 16-dimension (1 subspace, 1 conjugate class)
(a) $\mathrm{i}$ . $H^{16}=H((1))=\mathrm{R}^{16}$
2. 12-dimension(6 subspaces, 1 conjugate class)






3. 8-dimension(17 subspaces, 5 conjugate classes)
(a) $\mathrm{i}$ . $H_{1}^{8}=H((12)(34)(56)(78))$
$\mathrm{i}\mathrm{i}$ . $H_{2}^{8}=H((13)(24)(57)(68))$
$\mathrm{i}\mathrm{i}\mathrm{i}$. $H_{3}^{8}=H((15)(26)(37)(48))$
(b) $\mathrm{i}$ . $H_{4}^{8}=H((14)(23)(58)(67))$
$\mathrm{i}\mathrm{i}$ . $H_{5}^{8}=H((16)(25)(38)(47))$
$\mathrm{i}\mathrm{i}\mathrm{i}$. $H_{6}^{8}=H((17)(28)(35)(46))$
(c) $\mathrm{i}$ . $H_{7}^{8}=H((18)(27)(36)(45))$











4. 4-dimension(8 subspaces, 3 conjugate classes)
(a) $\mathrm{i}$ . $H_{1}^{4}=H((1342)(5786))=H((1243)(5687))$
$\mathrm{i}\mathrm{i}$ . $H_{2}^{4}=H((1562)(3784))=H((1265)(3487))$
$\mathrm{i}\mathrm{i}\mathrm{i}$. $H_{3}^{4}=H((1573)(2684))=H((1375)(2486))$
(b) $\mathrm{i}$ . $H_{4}^{4}=H((1746)(2538))=H((1647)(2835))$
$=H((1674)(2583))=H((1476)(2385))$
$=H((1764)(2358))=H((1467)(2853))$
(c) $\mathrm{i}$ . $H_{5}^{4}=H((137862)(45))=H((137862)(45))$
$\mathrm{i}\mathrm{i}$ . $H_{6}^{4}=H((156843)(27))=H((134865)(27))$
$\mathrm{i}\mathrm{i}\mathrm{i}$. $H_{7}^{4}=H((124875)(36))=H((157842)(36))$
$\mathrm{i}\mathrm{v}$ . $H_{8}^{4}=H((265734)(18))=H((243756)(18))$
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